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I. INTRODUCTION
The atomisation of liquid fuel plays an important role and strongly inuences the combus-
tion eciency in many combustion related applications, such as diesel engines, gas turbines
and rocket engines. Indeed, an ecient atomisation reduces the size of fuel droplets, leading
to higher volumetric heat release rates, smaller evaporation times, easier light up and wider
burning ranges1. Furthermore, the size of the droplets in the spray denes the fuel vapour
distribution inside the ame and inuences the exhaust concentration of pollutant emissions.
A variety of models has been proposed for the liquid sprays. A statistical formulation able to
describe the complex disorder encountered in sprays, including the eect of droplet growth,
the formation of new droplet, collisions and aerodynamic forces was initially proposed by
Williams2. Computational approaches to liquid sprays in turbulent ows are often based on
the Lagrangian Monte Carlo procedure proposed by Dukowicz3. The spray is represented
by discrete particles which correspond to a sample of the total population, where each com-
putational particle represents a group of droplets possessing the same characteristics (size,
velocity, composition etc.). The simplicity of implementation and the non-diusive charac-
ter of the Lagrangian approach are the main advantages of a Lagrangian compared to an
Eulerian description of the spray.
Atomisation is a complex phenomena and may involve several mechanisms, determined
by the initial Weber number, such as vibrational breakup, bag breakup, bag and stamen
breakup, sheet stripping and catastrophic breakup. There have been several studies of liquid
droplet deformation and breakup4{8 in which attention has focused on the global behaviour
of the droplets and empirical laws for the breakup process have been dened. Concerning
breakup modelling, the most widely accepted mechanism is the one formulated by Reitz9,10,
where it is assumed that surfaces waves form on the liquid phase. Reitz used the wave
equation of Taylor to estimate the wavelength and growth rate of the most unstable wave
on the surface of the parent droplet thereby dening the conditions where the amplication
of the waves would lead to the breakup of the droplets. Amongst the wave breakup models,
the Taylor analogy breakup (TAB) is another important and widely accepted approach.
The TAB model represents the oscillations of the parents droplets as a spring-mass system
with breakup presumed to occur when the oscillations in the parent droplet exceed a critical
value. Gosman and Clerides11 proposed a variant of Reitz's approach in which the initially
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unstable waves on the jet surface are assumed to be produced by turbulence in the injector
nozzle.
In the context of suitable breakup models, the prediction of the representative droplet
diameter (the Sauter Mean Diameter for example), and the prediction of the droplet size
distribution are issues of fundamental importance. Since the 1930s several methods of mod-
elling droplet size distributions have been proposed. A classical approach is the empirical
method, based on a curve which is used to t data collected for a wide range of atom-
isers and operating conditions. The curve extrapolated from the empiric data is used to
characterise the distribution of droplet sizes. As reported by Lefebvre1 typical distributions
are the Rosin-Rammler, Nukiyama-Tanasawa, log-normal, root-normal and log-hyperbolic
functions and a complete review of the available methods for modelling drop size distri-
bution is provided by Babinsky12. As alternatives to empirical methods, several analytical
approaches have been proposed. Maximum Entropy methods were developed in the late
1980s and early 1990s and have recently received attention from several investigators13. The
Maximum Entropy method treats spray formation as a completely non-deterministic process
that can be modelled using the principle of entropy maximization under the formulation of
suitable constraints. On the other hand the discrete probability function (DPF) approach
is an analytical method which divides the spray formation process into deterministic and
non-deterministic components. The deterministic portion describes the breakup of the gross
uid structure, whilst the non-deterministic part describes the eect of uctuating initial
conditions. However, many of these models are not suited to the Large Eddy Simulation
(LES) of sprays in practical applications to which the present work is directed. Recently,
stochastic models inspired by the work of Mart'inez-Baz'an et al14,15 have gained increas-
ing popularity, due to their ability to predict the essential global features of complex spray
phenomena without being computationally too expensive. A comprehensive review of some
of the most relevant stochastic models for particle breakup is provided by Lasheras et al16,
where a population balance treatment for droplet breakup is formulated. The problem of
closure of the breakup equation is solved by proposing models for the breakup frequency and
the distribution of droplet radii. A new approach has been developed by Apte et al17 based
on a stochastic model for the breakup combined with Large Eddy Simulations of the contin-
uous phase. The model is based on Kolmogorov's stochastic theory of the breakup of solid
particles in the framework of uncorrelated breakup events (see for example Gorokhovski and
3
Saveliev18). The atomisation is represented as a random discrete process where the prob-
ability of breaking each parent particle into a given number of parts is independent of the
size of the parent particle. Another related approach is that of Liu et al19, where the imple-
mentation of the nite stochastic breakup model (FSBM) of prelming air-blast atomisers
for the secondary atomisation is proposed. In the FSBM a breakup can occur only if the
size of the mother particle is larger than a critical diameter and the fragmentation generates
two droplets of diameters chosen randomly with a uniform probability distribution.
In the present work, a stochastic model for the atomisation of sprays for use in combina-
tion with an LES of the gas phase is presented. The model for breakup consists of a Monte
Carlo trajectory integration which reproduces the eects of the sub-grid scale motions on the
droplet secondary breakup. Each breakup event is dened in a statistical manner through a
Poisson release process and the evolution of the radius of the droplets is dened by a proba-
bilistic approach. The breakup of stochastic particles is related dynamically to the ow eld
through the breakup frequency and the local Weber number, whilst each breakup event is
dened by a life expectation procedure, governed by a Poisson distribution of characteristic
frequency equal to the breakup frequency. The probability density function (pdf ) of the
number and the radius of droplets arising from the atomisation are dened in a stochastic
manner. The pdf of particle radius resulting from a fragmentation is related to the rate of
dissipation of kinetic energy and to the radius of the breaking particles. A surface energy
model, based on a balance of the stresses existing at the particle surface similar to that pro-
posed by Lasheras et al16, has been adopted. The breakup frequency is dened by relating
it to the ratio of the aerodynamic disrupting forces and the droplet surface tension. The
results of the simulation are compared with experimental data from a typical diesel injection
conguration and from a spray into cross ows. The Sauter Mean Diameter (SMD) distri-
bution along the axis of injection in a representative diesel engine conguration is compared
with the experimental data of Hiroyasu and Kadota20 and with the DNS, RANS and LES
results described by Apte et al17 in which dierent breakup models are used. The results of
the simulations, including SMD proles, are also compared with the measurement of Park
et al21 in the spray resulting from a sequence of droplets injected transversely into a high
Reynolds number jet.
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II. MATHEMATICAL FORMULATION
A. Filtered Navier-Stokes equations
In LES, a spatial lter is applied to the Navier-Stokes equations. The ltering operation
is dened as
f(x; t) =
Z


G(x  x0; (x))f(x0; t)dx0 (1)
where G is the lter function and  is the lter width here assigned to be the cube root of
the local cell volume,22. In ows where large density uctuations occur, the introduction of
density lter quantities is essential and are dened as: ef = f=.
The density weighted ltered Navier-Stokes equations, with the contribution of the dis-
persed phase treated as point sources of mass momentum and energy, can be written as:
@
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where fi is the force per unit mass acting on the uid and arising from droplet drag. The
Smagorinsky23 model is used for the sub-grid scale tensor:  dij =  2sgs eSij, where  dij is
the deviatoric sgs stress with sgs =  (Cs
2) jjeSijjj. Cs is the Smagorinsky constant equal
to 0.07 and jjeSijjj is the Frobenius norm jjeSijjj = q2eSij eSij of the ltered strain tensor,eSij = 0:5@ eUi@xj + @ eUj@xi . Dynamic versions of the Smagorinsky model24,25 allow the value of
the parameter Cs to be determined as a function of time and position. However, there is
little to be gained by the use of more complex sgs models in the case of high Reynold number
free ows of the type considered. As is clear from the results presented below the standard
Smagorinsky model gives good results.
B. PDF modelling of sprays
Following Bini and Jones26 a probabilistic description of the spray is adopted with
the state of the spray being characterised uniquely in terms of the droplet radius, r the
droplet velocity, v the droplet temperature,  and number, n. The required joint pdf is
Pspr(V;R;;N;x; t), where fV;R;;Ng is the `phase' space for fv; r; ; ng, which can be
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obtained, after suitable modelling, from:
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where a; _R; _T and _N represent:
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conditioned upon 	 =  anywhere in the
lter volume. These quantities are unknown and models are required.
In order to rst model and then solve equation (4) it is replaced with an equivalent
system27 of stochastic ordinary dierential equations describing the trajectories of stochastic
particles in the phase space fV;R;;Ng. The models for dispersion and evaporation of
droplets have been extensively described in previous publications28,29 and are here only
briey outlined. In the present case only models for the conditional Lagrangian rate of
change of the droplet velocity and droplet number are required; there is no evaporation so
that models are needed only for droplet dispersion and droplet breakup.
1. Droplet Dispersion
The Ito equivalent of the closed form of equation (4) that describes the evolution of the
spray pdf in space and time is given by the following system of equations:
dxp = vpdt
dvp = apdt
(5)
where the subscript p represents the pth particle. Consistent with this the motion of a
stochastic particle in a turbulent ow eld can be viewed as a random process with position
determined by a deterministic part, evaluated in terms of ltered values and a stochastic
component arising from the sgs turbulent motions of the gas phase. In this study only
viscous drag and gravitational forces are considered and a stochastic Markov model26,30 is
used to represent the inuence of the unresolved carrier gas velocity uctuations experienced
by a stochastic particle p over a time dt which is added to the deterministic contribution:
dvp = 
 1
p
eUp (t)  vp dt+ `   p
`
gdt+

Co
ksgs
t
1=2
dWt (6)
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where ` is the particle density, vp is the velocity of the p
th particle, p and eUp are the
ltered gas density and velocity at the particle position, ksgs is the unresolved kinetic energy
of the gas phase, Co is a model constant, dWt represents the increment of the Wiener process
and g is the gravitational acceleration. t is a sub-grid timescale, which determines the rate
of interaction between the particle and turbulence dynamics, dened as:
t = p
0@ p
p
ksgs
1A0:6 (7)
This denition of time scale has been demonstrated30to reproduce the heavy tailed pdfs
observed experimentally. The particle relaxation time, p is given by: 
 1
p =
3
8
fCD
pR
jeUp vpj,
where the drag coecient CD is obtained from Yuen and Chen
31:
CD =
8<:
24
Re

1 + Re
2=3
6

: 0 < Re < 1000
0:424 : Re > 1000
(8)
where Re is the Reynolds number based on the droplet diameter and the relative velocity
of the droplet with respect to the gas phase.
The drag coecient, equation (8) was developed for spherical shape particles and is
appropriate as long as the droplet remains close to this shape. However in some of the
cases to be considered the deformation eects are so large that the use of equation (8)
is no longer justied. In particular the droplets can deform into a balloon or parachute-
like shapes and the drag coecient should be adjusted accordingly. In Volgin and Yugai32
and Stekol`shchikov et al33 and references therein, the drag coecients of single signicantly
deformed droplets were measured as a function of Weber number,We. The major result was
that CD increases withWe up to a value of about 2 forWe  50. The drag force also depends
on the orientation of the droplet and the ow and strictly it cannot be expressed in terms
of a scalar drag coecient. The extension of equation (6) to account for variable droplet
shapes is a complex and dicult task and is not entirely consistent with the assumption
of particles acting as point forces and sources. For this reason a scalar drag coecient is
retained. Some justication for this is provided by the statistical approach adopted: in a
population of many droplets experiencing the same conditions the modied CD will apply on
average in all directions, at least if the turbulence is approximately isotropic. The corrected
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drag coecient34 is thus as follows:
CD =
8>>><>>>:
CD : We  Wec
CD +

We Wec
50 Wec

(2  CD) : We  50
2:0 : We > 50
(9)
where the Weber number is dened as We =
2grpj~Up   vpj2

and where  is the surface
tension of the dispersed phase. Wec = 12 is the critical value of Weber number below which
breakup does not occur. The results of a computational study35 have demonstrated that
internal ow within droplets and non-sphericity can both have an important inuence on
drag. Based on these results a correlation was developed for predicting the drop shape as
a function of the dimensionless parameters governing the system. An extended drag model
for deforming liquid drops was also proposed. However, the main focus of the present paper
is droplet breakup and the simple modication, equation (9 was considered sucient. The
sgs kinetic energy is obtained from ksgs =

2sgs ~Sij ~Sij
 2
3
, an expression derived using
equilibrium arguments.
2. Droplet Breakup
The conditional Lagrangian rate of change of particle number, _N is used to represent
droplet breakup processes. Each stochastic particle contains a given number of droplets,
n that represent the probable number of particles with radius in the range r < r0 < r +
dr, located within the spatial position x < x0 < x + dx and with a velocity v < v0 <
v + dv at time t. In the present work the variation in the number n arises only through
droplet nucleation, coalescence and breakup. There have been numerous studies of the
dynamics of particles in dispersed ow systems and much of this work can grouped under the
heading population balance equation (PBE) models36,37; a recent and comprehensive review
is provided by Rigopoulos38. Examples of applications of the PBE to droplet breakup include
the works of Williams2, Lasheras et al16 and Mart'inez-Baz'an et al14,15.
The present model for breakup involves a Monte Carlo trajectory integration which re-
produces the eects of the sgs motions on the secondary breakup of droplets. Each breakup
event is dened in a statistical manner through a Poisson release process and the evolution
of the radius of the droplets is dened in a probabilistic manner. The breakup of stochastic
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particles is related dynamically to the ow eld through the breakup frequency and the local
Weber number. The rate of change of the number of droplets in a stochastic particle, _N is
equal to the rate of change of the number of particles due to breakup. The latter can be
expressed16 as the sum of the birth rate of particles of size r resulting from the breakup of
larger ones, and the death rate of particles of size r due to their breakup into smaller ones:
_N =
Z 1
r
q(r0)f(r; r0)!(r0;We)n(r0)dr0
  !(r;We)n(r) (10)
where !(r;We) is the breakup frequency of particles of size r; q(r0) is the mean number
of particles resulting from the break up of a mother particle of size r0; f(r; r0) is the size
distribution of daughter particles formed from the breakage of a mother particle of size r0. In
order to close equation (10), a suitable model for the breakup frequency !(r), the expected
number of daughter particles q(r) and the pdf of daughter particles f(r; r0) must be dened.
In the present work the following expression for the breakup frequency is adopted:
!(rp;We) = 0:5Cb
r
g
`
j~u  vpj
rp
+ Kg
p
(2rp)2=3   12=gr
2rp
(11)
The rst term on the right hand side of equation (11), with Cb =
p
1=3, is the `deterministic
component ' of the breakup frequency, dened according to O`Rourke and Amsden39 and
Faeth et al40 and is dynamically related to the local ow properties through the velocity
and density of the gas phase. The second term, where  is the rate of dissipation of kinetic
energy obtained from  = 2( + sgs) ~Sij ~Sij, represents the sgs contribution and is based
on a work of Mart'inez-Baz'an at al14,15 who studied the break up of air bubbles in a
stirred vessel. In this case the dispersed phase is transported by the continuous phase
with no relative velocity between bubbles and water; hence fragmentation is due only to
turbulent velocity uctuation. Mart'inez-Baz'an at al consider a gaseous dispersed phase
and a liquid continuous phase whereas in this work we are concerned with liquid droplets in
a gas continuous phase. However, the formulation of Mart'inez-Baz'an at al is also applied
in the present gaseous continuous phase-liquid dispersed phase case with the values of the
empirical constants being retained at Kg = 0:25 and  = 8:2. In equation (11) the sgs
component to the breakup frequency is dened by relating it to the ratio of the aerodynamic
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disruptive forces acting on a droplet and the stabilizing surface forces, characterised by the
surface tension of the liquid. This is achieved by relating the breakup frequency to the
ratio of the droplet diameter and a breakup velocity. This breakup velocity is presumed to
be proportional to the dierence between the surface pressure forces arising from turbulent
uctuations of the continuous phase and the restoring forces associated with surface tension.
The initial size of the droplets is presumed such that it lies within the inertial subrange so
that the velocity is then proportional to the droplet diameter and the turbulence energy
dissipation rate. The average number of particles formed from the breakup at time t is
frequently known and following Ramkrishna36 it is assigned the value 2.
Historically there have been three predominant approaches12,13,16 to the modelling of
f(r; r0). These are statistical models, phenomenological models based on the change in sur-
face energy of a breaking particle and hybrid models, which are based on a combination
of both. In the present work a surface energy model, based on a stress balance, has been
adopted. When a mother particle breaks, q(r) daughter stochastic particles with charac-
teristic radii r1 and r2 are generated. The number of breaking droplets inside the mother
stochastic particle is equally distributed into the two newly added stochastic particles. Fol-
lowing the work of Lasheras et al16 the probability of the formation of two daughter particles
of size r1 and r2 is presumed proportional to the product of the dierences between the two
excess forces. The corresponding probability density function used to determine the radii r1
and r2 is:
f(r) =
[r2=3   5=3][(1  r3)2=9   5=3]R rmax
rmin
[r2=3   5=3][(1  r3)2=9   5=3]dr (12)
where r = r1=r0,  = rc=r0 = (rmin=r0)2=5, rmin = 0:5(12=(2r0))3=2 1 and rc =
0:5(12=())3=5 2=5. The radii r1 and r2 are related by conservation of mass:
r2 = r0
"
1 

r1
r0
3#1=3
(13)
as are the radii rmax and rmin. The method adopted to generate random radii consistent
with the given probability distribution function is Inverse transform sampling.
The treatment of droplet breakup from a trajectory point of view, using equation (4), re-
quires additional modelling in order for it to be computationally feasible. When a trajectory
point of view is adopted and the breakup of droplets occurs, the daughter particles produced
should a priori follow their own new independent trajectories in phase space. If the break up
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is modelled as a continuous process, new trajectories, representing the emission of daughter
particles, should be released continuously from the mother trajectory. The computational
load of such task would be very high and for this reason a discrete Poisson release process
is used.
The probable number of droplets in a stochastic particle which are likely to experience
fragmentation is computed each time step as specied by the second term of the right
hand side of equation (10). However, the stochastic particles are presumed not to break
continuously. Instead, the global number of droplets that are broken at every instant is
stored as: N broken =
R t
t0
!(r)Ntdt, where t0 and t are respectively the time of birth of the
particle and the time of fragmentation, while Nt is the number of droplets at the instant t. A
mother stochastic particle with characteristic radius r0 is presumed to fragment if its age is
larger than its expected life, dened by a Poisson distribution with characteristic frequency
equal to the breakup frequency. The Lagrangian rate of change of the number of droplets
represented by a stochastic particle due to the Poisson release process can be expressed as:
Nt =  N brokenCt
and Ct is zero if the age of the particle is smaller than the expected life and one otherwise.
The expected life is computed34 as the random variable pdf(Tsplit = t) = !(r)e
 !(r)t.
The probable number of the stochastic particle due to droplets of radius r > r which
break exactly into a droplet of radius r (the so called `rate of birth' of equation (10)) is added
to n(r; t) by merging the stochastic particle with other newly formed stochastic particles at
approximately the same position and with the same dimensions. The number of actual
droplets represented by a single stochastic particles is restricted to be less than a nite
number, Npmax. If a breakup occurrence generates a number of droplets larger than Npmax
then the resulting stochastic particle is cloned and replaced by two stochastic particles with
identical properties, each with n  Npmax. In the present work Npmax is set to 10.
The presented model serves to reduce the computational cost of the simulation, with
respect to the breakup model. However this comes at a cost. Whilst the Poisson release
process, along with the stochastic particle treatment, reduces the overall computational cost
of the simulation, the discontinuous stochastic nature of the model can result in it being
slow to converge and longer run times may often be required to give a reliable averaged
solution.
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The present LES droplet breakup formulation has some similarities to the model of Apte
et al17 and Gorokhovski and Saveliev18 though there are important dierences. In their
population balance formulation an expression for the breakup frequency similar to the de-
terministic breakup component of the present paper, equation (11) is used and the critical
value of droplet size for breakup is determined in terms of an estimated rms of the relative
droplet-to-gas velocity. Probably the major dierence which sets the present model apart
is the dierent way of computing the diameter of the daughter particles. In contrast to
the current approach the diameter of the newly formed droplets is found according to a
diameter distribution which evolves in time from an initial distribution. A Fokker-Plank
equation of the diameter distribution is formulated and linked to the ow-eld properties
through the breakup frequency and the Weber number. In the present work a diameter
distribution is computed for each droplet independently depending on the droplet diameter,
the gas phase velocity and kinetic energy dissipation rate. The diameter of the daughter
particles is computed according to this distribution.
III. RESULTS AND DISCUSSION
The particle breakup model described above is combined with a conventional LES to
simulate the droplet characteristics in two congurations.
A. Diesel Spray in Stagnant Flow
The rst of these corresponds to the experimental diesel injector study of Hiroyasu and
Kadota20 where diesel fuel is injected into a closed cylinder, of length 138 mm and diameter
56 mm, containing pressurised nitrogen at ambient temperature. The injector comprises a
single hole nozzle. Since the chamber temperature is low, evaporation of the liquid fuel is
negligible, allowing the study of droplet breakup alone. In the simulations large droplets
of diameter 300 m corresponding to the nozzle diameter are injected and the time step is
held constant at 1.5 s. Initially, the nitrogen is quiescent but recirculation zones eventually
arise through momentum transfer from the liquid jet to the gas-phase. A single case with
pressure 1.1 MPa is simulated. The mass ow rate of the liquid is obtained from the injection
velocity, nozzle diameter and the time of injection. The diesel fuel density is 840Kg=m3, the
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FIG. 1. Sauter Mean Diameter distribution along the axis of injection - Distance in cm from the
injector (x axis) SMD in m (y axis)
surface tension is 29.5 mN/m, the gas pressure is 1.1 MPa and the density of the gas phase
is thus 13:57kg=m3. The viscosity of nitrogen is 1:77 10 5 Kg/ms and its temperature is
20 C. As a consequence droplets are injected with a velocity of 102 m/s in the z-direction
and at a position corresponding to x = 0, y = 0 and z = 0:0002 m. For the simulations a
cylindrical domain of length 138 mm and diameter 56 mm and a uniform grid comprising
65 65 100 nodes was used.
The results of the simulations are presented in Figures (1-3). The variation of the Sauter
Mean Diameter of the droplets along the axis of injection are compared in Figure (1) with
experimental data and the predicted results quoted by Apte et al17 who present the results
of several breakup models. As is evident the results of the present simulation are in good
agreement with the measurement. The simulated spray penetration, displayed in Figure (2),
is also in very close agreement with the measured data. Figure 3 shows an instantaneous
snapshot of the spray with both the droplets and the ow eld of the continuous phase being
displayed. The ow and turbulence of the nitrogen is induced by the coupling of the liquid
phase with the gas phase. The resulting jet structure eects the droplets dispersion and
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FIG. 2. Spray penetration, time in s, distance in cm
FIG. 3. Snapshot of droplets
atomisation.
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FIG. 4. Schematic diagram of the experimental droplet generator and gas nozzle
B. Diesel spray in cross ow
The second case to be considered corresponds to the experimental investigation of Park
et al21 in which a sequences of diesel droplets are injected at right angles to a high Reynolds
number air jet. A schematic diagram of the test case is presented in Figure (4). The droplets
are generated by a vibrating orice injector which results in droplets of approximately uni-
form size (around 180 m) being injected at a velocity of 13.4 m/s. The air jet emanates
from a nozzle of inner diameter 2 mm and the injector is located 1.5 mm downstream of the
nozzle exit. Because of the contoured nature and dimensions of the nozzle, the boundary-
layer eects are minimised, ensuring that the thickness of the shear layer to be penetrated
by the droplets at the edge of the jet is as thin as possible. The droplets traverse the air jet
and consequently disintegrate and are deected. The atomisation results in a variety of dif-
ferent diameter droplets. As can be seen in Figure (5), the measurement points are located
at intervals of 2mm in both the axial and radial directions, within the range in which the
breakup actively occurs. The Weber number is an important parameter which indicates the
potential for droplet breakup, with breakup occurring above a critical value. Consequently
three dierent breakup regimes, obtained by varying the air jet velocity, were investigated.
A multiblock o-grid of 70 70  220 nodes was used for the computations. The mesh was
locally rened near the air jet inlet and the cell sizes were between 200 and 300 m in the
region around the liquid injection point.
15
FIG. 5. Experimental Study: measurement locations
1. Bag breakup regime (We=68)
The rst regime considered corresponds to a Weber number, We=68 . When the Weber
number is slightly higher than the critical value, a thin hollow bag originates at the droplet
stagnation point. The bag grows and bursts forming a number of small and large fragments1.
Some large fragments are able to cross the jet intact and experience further fragmentation
in the quiescent ow area, where the Weber numbers are much smaller. In contrast small
fragments with low momentum are captured by the jet and are transported by the turbulent
eddy structure of the fast moving air jet. The stochastic Markov dispersion model, equation
(6) exerts a dominant inuence on the results to be presented and this is illustrated clearly in
Figures (6) and (7) which show simulations with and without the stochastic dispersion term
included. Figure (8) shows a comparison between the global experimental and simulated
FIG. 6. Simulation without stochastic term for droplets dispersion
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FIG. 7. Simulation with stochastic term for droplets dispersion
FIG. 8. Sauter Mean Diameter of droplets: left experiments, right simulations
contours of SMD : the results of the simulations are in good overall agreement with the
measurements. In the bottom right region, some over prediction of the simulated SMD
compared to the experiments is evident, although the practical signicance of this may not
be important in cases where evaporation and/or combustion arise.
Figure 9 shows the general behaviour of the experiments compared with the simula-
tions whereby it is evident that the global features of the system are well captured. Small
droplets(red) and large droplets (blue) follow dierent trajectories, consistent with their
diering momentum and the experimental data. The simulated radial proles of SMD are
compared with the experimental data at an axial distance of 8, 12 and 16 mm in Figures
10 to 12. The results of the simulation and measurements are again in reasonable accord.
The simulations appear to reproduce the measured droplets sizes to a good accuracy. In
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FIG. 9. Sauter Mean Diameter of droplets: left experiments, right simulations
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FIG. 10. Radial Prole of SMD at a distance of 8 mm from the jet nozzle. Distance in mm (x
axis) SMD in m (y axis)
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FIG. 11. Radial Prole of SMD at a distance of 12 mm from the jet nozzle. Distance in mm (x
axis) SMD in m (y axis)
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FIG. 12. Radial Prole of SMD at a distance of 16 mm from the jet nozzle. Distance in mm (x
axis) SMD in m (y axis)
the case of the proles at 12 and 16 mm downstream there is an indication of the same over
prediction of droplet SMD in the outer part of the jet, r > 7 mm, corresponding to a region
of very low gas velocity, that is evident in the contour plot of Figure 8. The maximum
discrepancy is around 20 m
The axial mean velocity of the droplets is compared with experimental data at the same
locations in Figures 13 to 15. The simulated radial prole of droplet velocity at z = 8 mm
can be seen to be excellent agreement with the measurements. At z = 12 mm the measured
and simulated centreline velocities are in close agreement though in the outer part of the jet
the velocities are over predicted by around 5 m/s. At the furthermost downstream location,
Figure 15 the simulated velocities are everywhere larger than the measured values by around
7 m/s though the shapes and widths of the two proles are closely similar. This discrepancy
may well be associated with the relatively crude method adopted, equation (9) to account
for the drag of what are essentially non-spherical droplets in this regime.
The pdfs of droplet diameter at the injection point (z=0, r=0) and at the downstream
location (z=8mm, r=6mm) are shown in Figures 16 to 19. As is evident, Figures 16 and
17, the constructed pdf at the injection point is consistent with the experimentally measured
distribution. The comparison of measured and simulated pdfs at the downstream location,
Figures 18 and 19, indicate that the model is capable of reproducing the measured behaviour
to a good accuracy. There is some small discrepancies at large droplet sizes (greater than
around 100 m) and, in contrast to the experiments a nite but small probability of observing
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FIG. 13. Radial prole of droplet mean axial velocity at a distance of 8 mm from the jet nozzle.
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FIG. 14. Radial prole of droplet mean axial velocity at a distance of 12 mm from the jet nozzle.
large droplets of diameter 180 m is predicted. In other respects the level of agreement
achieved is good.
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FIG. 15. Radial prole of droplet mean axial velocity at a distance of 16 mm from the jet nozzle.
FIG. 16. Measured probability density function of droplet diameter at injection
FIG. 17. Simulated probability density function of droplet diameter at injection
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FIG. 18. Measured probability density function of droplet diameter at z = 12 mm , r = 8 mm
FIG. 19. Simulated probability density function of droplet diameter at z = 12 mm , r = 8 mm
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2. Stretching and thinning breakup regime (We=153)
In the stretching and thinning breakup regime, droplets are observed to disintegrate21 at
their edge because of a `suction' stress toward the ow direction generated at the surface of
the droplet. In this case, a shearing action due to the high-speed gas ow on the droplet
causes the deformation and separation, leading to the formation of smaller fragments -
compared to the bag breakup regime. The measured and simulated axial proles of droplet
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FIG. 20. Axial proles of mean droplet diameter AMD and SMD along the centreline (We=153).
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FIG. 21. Axial prole of mean droplet velocity along the centreline (We=153).
AMD and SMD along the jet centreline are compared in Figure 20. The droplet diameter
falls from 184 m at the injector to an AMD  60m and a SMD  135m at z = 1mm.
The measured and simulated AMD proles are in reasonable accord for z < 3mm but
further downstream the mean diameters are approximately constant with a simulated value
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of around 40m compared with a measured value of about 20m. On the other hand the
simulated SMD is under predicted by around 20m for z . 5m but beyond z  6m
the measured and simulated proles are in close agreement. The simulated and measured
variations of droplet mean axial velocity along the centreline are compared in Figures 21.
Reasonably good agreement is displayed with a slightly higher velocities evident, by around
5m/s, in the simulations for z > 6mm.
3. Stretching and thinning breakup regime (We=383)
As the Weber further increases, the breakup regime changes to the catastrophic breakup.
The breakup of the droplet occurs suddenly due to the wave instability on the droplet
surface. The diameters of the daughter droplets are smaller than in the previous regimes
as the droplets appears to disintegrate almost immediately generating a large number of
very small fragments. For this reason the drag law, equation (8) was applied rather than
the modied version, equation (9). In this case only the prole of droplet AMD along the
centreline is available with the simulated and measured proles being shown in Figure 22.
The measured AMD falls from 184m at the injector to approximately 20m at z = 1mm
on the jet centreline while the simulated value at this location is around 40m. However
for z  3mm the simulated and measured proles are in excellent accord. The simulated
and measured variations of droplet mean axial velocity along the centreline are compared
in Figure 23. The two proles are in qualitative agreement with the simulated velocities
being somewhat higher than measured values. The comparison of the simulated values
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FIG. 22. Axial prole of mean droplet diameter (AMD) and SMD along the centreline (We=383).
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FIG. 23. Axial prole of droplet mean velocity along the centreline (We=383).
with the experimental ones shows an underestimation of the mean diameter (about 10 m)
and a substantial over prediction of the mean velocity. The reasons for this are unclear but
they may be associated with limitations associated with quasi-spherical droplet assumptions
implied by the droplet drag law used.
IV. CONCLUSIONS
An LES probabilistic approach for droplet secondary breakup has been formulated and
validated. Overall the formulation was found to yield good agreement with experimental
data. The predicted droplet SMDs were compared with two test cases: a single cycle of a
diesel fuel injector issuing droplets into quiescent pressurised nitrogen and mono-dispersed
droplets injected into a cross ow. In the former case the size of the droplets and the spray
penetration show a reasonably good agreement with the measurements and with the results
of other authors using dierent models. The global behaviour of the system is well captured,
and the droplets appear to breakup, generating a constellation of fragments with diameters
in agreement with the measured data. For the case of droplets injected into a cross ow
a range of Weber numbers are encountered. It is found that the model is able to generate
droplet fragments with dierent sizes as well as reproducing the global features of the experi-
ment. The simulations indicate that large droplets with high momentum cross the jet whilst
small droplets do not. They are captured and transported by the turbulent eddying struc-
tures thus reproducing the observed SMD distribution. The simulation showed predicted
SMDs in good local and general with measurements. The analysis of dierent breakup
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regimes with dierent Weber number has demonstrated that the model is able to adapt to
dierent breakup mechanism. As the relative velocity between the gas and the liquid phase
increases, the Weber number increases and the droplets break up displaying completely dif-
ferent physical regimes. The formulation is based on a presumption of spherical droplets
and in some of the cases considered the deformation is such that droplets can deform into a
balloon or parachute-like shapes. In these circumstances the drag force depends both on the
droplet shape and its orientation with respect to the ow. A simple modication to the drag
coecient is proposed in an attempt to account for such eects though strictly a much more
detailed and complex treatment is required. The limitations associated with the use of a
modied quasi-spherical drag law under such conditions may, however be ameliorated by the
statistical nature of the model. It appears capable of reproducing the global behaviour to a
good accuracy, though some of the discrepancies that do arise are undoubtedly associated
with limitations of the simplied treatment of drag forces for non-spherical droplets. By dy-
namically relating the breakup frequency, the pdf of daughter droplets, the critical diameter
and the expected life of the particles to the local Weber number, the model is considered
suitable for use in the simulation of more complex geometries and cases, such as swirling
stabilised burners of typical aeronautical turbine conguration; preliminary results41 are
encouraging.
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